Elastic and radiative heavy quark interactions with light partons are studied with the partonic transport description BAMPS (Boltzmann Approach to MultiParton Scatterings). After calculating the cross section of radiative processes for finite masses in the improved Gunion-Bertsch approximation and verifying this calculation by comparing to the exact result, we study elastic and radiative heavy quark energy loss in a static medium of quarks and gluons. Furthermore, the full 3+1D spacetime evolution of gluons, light quarks, and heavy quarks in ultra-relativistic heavy-ion collisions at the BNL Relativistic Heavy-Ion Collider (RHIC) and the CERN Large Hadron Collider (LHC) are calculated with BAMPS including elastic and radiative heavy flavor interactions. Treating light and heavy particles on the same footing in the same framework, we find that the experimentally measured nuclear modification factor of charged hadrons and D mesons at the LHC can be simultaneously described. In addition, we calculate the heavy flavor evolution with an improved screening procedure from hard-thermal-loop calculations and confront the results with experimental data of the nuclear modification factor and the elliptic flow of heavy flavor particles at RHIC and LHC.
I. INTRODUCTION
Ultra-relativistic heavy-ion collisions are a unique tool to study the properties of the interactions between quarks and gluons. Due to the large energy density created in such collisions quarks and gluons are not confined in protons and neutrons any more, but are the relevant degrees of freedom forming the quark-gluon plasma (QGP). Many experimental observations at the BNL Relativistic Heavy-Ion Collider (RHIC) and the CERN Large Hadron Collider (LHC) indicate that such a plasma is indeed produced in heavy-ion collisions at these colliders (for reviews see, for instance, Ref. [1, 2] ). Important observations include collective effects, most prominently the elliptic flow in semi-central collisions, and the quenching of jets through the nuclear modification factor in central collisions.
Heavy quarks are a particularly helpful probe for studying the properties of the medium. Their creation time is well defined since they are either produced in initial hard parton scatterings or due to their large mass in the early stage of the QGP evolution, where the energy density is still large [3] . While traversing the created medium they lose energy and participate in the collective flow. Therefore, heavy flavor observables can reveal insights in the properties of the medium itself as well as the interaction strength between heavy and light particles. Furthermore, the quark flavor (for heavy quarks in heavy-ion collisions charm and bottom is most relevant) is conserved during hadronization such that the associated heavy mesons (D and B mesons coming from charm and bottom, respectively) or their decay products are in principle uniquely related to the heavy quarks. * E-mail: uphoff@th.physik.uni-frankfurt. de The existing literature on heavy flavor interaction mechanisms can be sorted into three categories: 1) pQCD inspired interactions , 2) resonance scatterings [33] [34] [35] [36] [37] [38] [39] , and 3) strong coupling interactions calculated from AdS/CFT correspondence [40] [41] [42] [43] . The pQCD inspired models include either elastic [4, 6, 7, 13, 14, 18-21, 24, 30] or radiative [31] processes or both [5, 8-12, 15-17, 22, 23, 25-29, 32] .
In this paper we study heavy quark interactions based on pQCD cross sections with the partonic transport description BAMPS via coupled relativistic Boltzmann equations. Previous heavy flavor BAMPS calculations [18, 19, 44] included only elastic interactions with the rest of the QGP. In this paper we introduce the implementation of the radiative heavy flavor processes in BAMPS, compare them to elastic interactions in a static medium, and confront the nuclear modification factor and elliptic flow of various heavy flavor particles with experimental measurements at RHIC and LHC.
The paper is organized as follows. After a short introduction to BAMPS in the next section, we generalize the improved Gunion-Bertsch calculation for the radiative matrix element from Ref. [45] to finite masses in Sec. II A. The full calculation is shown in the Appendix. In Secs. II B and II C we show that the dead cone effect is present in our expression for heavy flavor radiation and compare the improved Gunion-Bertsch approximation to the exact calculation, respectively. Furthermore, the LPM implementation is described in detail in Secs. II D and II E. In Sec. III the elastic and radiative energy loss of heavy and light partons in a static medium is calculated and put into context. Full heavy-ion collisions are considered in Sec. IV. First we compare the suppression of heavy and light particles with standard Debye screening to experimental data. In Sec. IV B heavy flavor observables are calculated for an improved screening procedure and confronted to experimental data at RHIC and LHC. Finally, we conclude with Sec. V. Many results of this paper are based on Ref. [46] . We refer to this thesis also for additional information and in-depth analysis of heavy flavor processes.
II. THE PARTON CASCADE BAMPS
The partonic transport model BAMPS (Boltzmann Approach to MultiParton Scatterings) [47] [48] [49] has been successfully applied to study the partonic evolution in ultra-relativistic heavy-ion collisions by solving the Boltzmann transport equation,
for on-shell partons. The interaction probabilities are calculated from pQCD cross sections for elastic and inelastic partonic processes. Recently, it has been shown [49] that the explicit consideration of the running of the coupling together with the improved Gunion-Bertsch cross section [45] and an effective description of the LPM effect can describe the experimentally measured data of the nuclear modification factor for neutral pions at RHIC and charged hadrons at LHC. Employing the same cross sections within the same model also a sizeable elliptic flow on the partonic level is observed, which is due to a small shear viscosity to entropy density ratio [49] . Previous BAMPS studies on the heavy flavor sector [18, 19, 44] included only elastic heavy quark interactions with light partons from the rest of the medium. The cross sections of such elastic interactions are calculated in leading order pQCD and explicitly take into account the running of the coupling. Furthermore, the screening mass µ to regularize infrared divergences is calculated by matching hard thermal loop results for the energy loss of heavy quarks in a static medium [13, 18, 50] . To this end, the screening mass is proportional to the Debye mass m D , µ 2 = κ t m 2 D with κ t = 1/(2e) ≈ 0.2. The initial heavy flavor distribution is obtained from MC@NLO [51, 52] in next-to-leading order, which agrees well with experimental data of heavy flavor particles in proton-proton collisions [19] . The initial light parton distribution is obtained from pythia [53, 54] as described in Ref. [3] . The spatial distribution of all particles is sampled according to the Glauber model [3, 47] . Details on the heavy flavor implementation in BAMPS can be found in Refs. [3, 18, 19] .
In the following we introduce the implementation of radiative bremsstrahlung processes off a heavy quark. These 2 → 3 interactions are calculated in the improved Gunion-Bertsch approximation, which is outlined in the next section. After we show in Sec. II B that the dead cone effect is explicitly present in our result, we compare in Sec. II C the Gunion-Bertsch approximation to the exact result. In Sec. II D we introduce the implemented description of the LPM effect, which is analogous to the implementation of light partons in BAMPS, but explicitly takes the finite mass of heavy quarks into account. Thereafter, some kinematic consequences of the LPM implementation are highlighted in Sec. II E.
A. Gunion-Bertsch matrix element for heavy quarks
This approximation gives a comparatively simple expression for the gluon radiation amplitude in terms of the transverse momentum of the radiated gluon k ⊥ and the transverse exchanged momentum q ⊥ .
As outlined in the Appendix, the total squared matrix element for the process qQ → qQg summed and averaged over spin, polarization, and color states reads
M qQ→qQ 2 denotes the averaged squared matrix element for qQ → qQ. This result explicitly demonstrates that in the high-energy limit the matrix element of the 2 → 3 process factorizes into an elastic 2 → 2 part and a gluon emission amplitude. For the massless case, M = 0, Eq. (2) reduces to the improved GB result from Ref. [45] .
As outlined in Ref. [45] the factor (1 − x) 2 in Eq. (2) leads to a sizeable suppression of the amplitude at forward rapidity, where x > k ⊥ / √ s, which is immediately evident from Eq. (27) . This factor is not present in the final result of Gunion and Bertsch, while it is included in intermediate steps of their calculation. In Ref. [45] we also argued that the calculation in A + = 0 gauge with the employed approximations is not valid at backward rapidity, which also holds for the heavy quark calculation. To this end, one can do the same calculation in A − = 0 gauge and symmetrize the result. Setting
the final result for the averaged squared matrix element in A − = 0 gauge reads
Note that no mass terms are present in the denominators of the bracket since the gluon is now emitted off the light quark line. Apart from this, Eq. (4) is simply the result obtained from the A + = 0 gauge, cf. (2), with x being replaced by x ′ . Since both results are also valid at midrapidity it is self-evident to combine Eqs. (2) and (4) to
where we have definedx
Going from the first to the second line we added the terms x 2 M 2 also in the denominators of the backward rapidity terms proportional to Θ(−y). This is valid within the approximations since x (not x ′ orx) is small at backward rapidity according to its definition (27) . In the following we refer to this result as the improved GB matrix element for heavy quarks since it is not only valid at mid-rapidity, but also at forward and backward rapidity. In Sec. II C we compare this result to the exact matrix element without any approximations.
As a note, the idea of decomposing the phase space in forward and backward rapidities was also used in Ref. [55] for the inelastic scattering of a light and heavy quark in the GB approximation, although the (1 −x) 2 factor was neglected.
In Ref. [56] the matrix element for the process q + Q → q + Q + g has been calculated in Feynman gauge with slightly different approximations. We checked that this calculation and the calculation in the present paper agree within their approximations, which is an independent check that our calculations are correct.
The observed factorization of the GB matrix element into an elastic part and a gluon emission amplitude in the high-energy limit, cf. for instance Eq. (5), immediately implies that the GB calculation is also valid for other 2 → 3 processes, such as Qg → Qgg or for light partons qg → qgg or gg → ggg. In the high-energy limit of the GB approximations the specific nature of the scattering particles becomes irrelevant for the structure of the resulting matrix elements. Therefore, Eq. (5) also holds for processes other than the one explicitly considered here if one takes into account the different color prefactors of the corresponding 2 → 2 small angle amplitudes,
and for light partons,
In summary, one can split the squared matrix element of the QCD bremsstrahlung process into the contribution from the elastic scattering plus a radiative factor P g M in the high-energy limit. For heavy quarks it reads
with
, (10) which depends on the mass M of the heavy quark.
The final result (9) is proportional to g 6 or α 3 s due to the three vertices, two associated with the 2 → 2 part and one with the emitted gluon. Explicitly considering the running of the coupling, it is sensible to choose proper scales since this reduces the influence of higher orders. The relevant scale for the binary part is the momentum transfer t. The only scale associated with the vertex of the emitted gluon is its transverse momentum k ⊥ . Hence, the coupling of the 2 → 3 matrix element goes with α 2 s (t) α s (k 2 ⊥ ). Considering medium effects and the running coupling, the radiation factor from Eq. (10) modifies to
The coupling present in the definition of the Debye mass is also evaluated at the scale k 2 ⊥ . The first term in the bracket does not need to be screened by a screening mass since the infrared divergence is cured by the LPM cut-off, as shown in Sec. II D. The second term stems from diagram 5 in Fig. 18 and resembles the propagator from one of the internal gluon lines. Hence, it must be screened with the gluon Debye mass. The binary part of the matrix element reads then [57] with κ t = 1/(2e) ≈ 0.2 being the Debye mass prefactor matched to hard thermal loop calculations [13, 18, 50] . As a note, for M = 0 and κ t = 1 these cross sections simplify to the expressions for light partons used in Ref. [49] .
B. Dead cone effect
In this section we show that the dead cone effect, that is, the suppression of gluon emission off a heavy quark at small angles, is present in our result from Eq. (5) and relate it to the suppression factor from Dokshitzer and Kharzeev [58] , which reads
with θ being the angle between the emitted gluon and the heavy quark and θ D = M/E the dead cone angle. In general, the dead cone factor can be defined as the radiation spectrum of a gluon emitted off a heavy quark as given in Eq. (10) divided by the spectrum for the massless case,
In contrast to D DK an explicit dependence on k ⊥ , q ⊥ , and the angle between both, φ, remains. For E ≫ M , a small angle θ, and q ⊥ ≫ k ⊥ the more general dead cone factor D GB simplifies to D DK . Figure 1 shows the dead cone factor D GB as a function of θ for M/ √ s = 0.1 and φ = 1.0 as well as different parameter sets for k ⊥ and q ⊥ . The curves of the different q ⊥ -k ⊥ sets do not differ much and agree well with the suppression factor of Dokshitzer and Kharzeev. For large angles θ all curves saturate at one, as it is expected. If q ⊥ is much smaller than k ⊥ , the dead cone is more pronounced than that of Dokshitzer and Kharzeev. The dead cone factor is also strongly dependent on the the angle φ and the mass M . For small φ the suppression is considerably larger than D DK , whereas for φ = π/2 the suppression factor D GB does not depend on k ⊥ and q ⊥ anymore (both not plotted). For large masses M the suppression of D GB is also significantly larger than D DK for the same mass, as shown in Fig. 2 for M/ √ s = 0.8. This difference comes due to the approximation E ≫ M employed for D DK . Since D DK is strictly only valid for small angles, the suppression factor does not go to one for large angles in contrast to our calculation, which is valid for all angles.
To study the suppression factor D GB in more detail we employ the approximation q ⊥ ≫ k ⊥ , but do not put any constraints on the heavy quark mass or the angle of the emitted gluon as has been done by Dokshitzer and Kharzeev. The suppression factor then reads
and does not depend on k ⊥ or q ⊥ anymore. As a note, this is also the result that one would directly obtain from the result of Ref. [56] , where the matrix element of the process qQ → qQg is calculated in Feynman gauge with slightly different approximations compared to the previous section. Therefore, we name this suppression factor in the very soft gluon approximation in the following D AGMMU after the authors of Ref. [56] . As discussed in Ref. [56] , it is valid in the full range of θ-or rapidity of the emitted gluon-(i.e., −π < θ < +π) and in the full range of m = M/ √ s (i.e., 0 < m < 1). As can be seen in Fig. 3 the suppression is rather narrow in θ for small m, but becomes very wide for large masses. The valley around θ ≃ 0 clearly indicates the presence of the dead cone in the forward direction with respect to the propagating heavy quark. In the backward region, θ ≃ ±π, the suppression factor saturates to unity. This suggests that the quark mass plays only a role in the forward direction where the energy of the quark becomes of the order of its mass.
As shown in Ref. [56] , in the limit M ≪ √ s and θ ≃ 0, it is √ s ≃ 2E and tan(θ/2) ≃ θ/2 and Eq. (15) reduces to the result of Dokshitzer and Kharzeev from Eq. (13).
C. Comparison of Gunion-Bertsch and exact cross sections
In this section we compare the improved GB matrix elements for the heavy quark process qQ → qQg from Eq. (5) to the exact matrix element calculated without any approximations. The exact matrix element for qQ → qQg can be obtained from the process→ QQg, which has been calculated in Ref. [59] , by crossing the two antiquarks. We checked numerically that it agrees with the exact matrix element for the light quark process′ →′ g [60] if the mass of the heavy quark is set to zero. The following comparison is done analogously to Ref. [45] , where the improved GB and exact matrix element for light partons have been compared. All calculations take into account the full kinematics for heavy quarks while ensuring energy and momentum conservation.
Both the exact and GB matrix elements are divergent for infrared and collinear configurations. Usually these divergences are screened with a screening mass of the order of the Debye mass. However, since it is not straightforward to identify the propagators in the com- dσ/dy (a.u.) plex expression of the exact matrix element, we cut instead in the integration if the scalar product of any incoming or outgoing four-momenta is smaller than a cutoff Λ 2 , p i · p j < Λ 2 with i, j = 1...5, where Λ 2 is chosen to be proportional to the Debye mass,
The calculations in this section are done for a temperature of T = 400 MeV. The coupling is set constant, α s = 0.3, and the squared center-of-mass energy to s − M 2 = 18T 2 ≃ 2.88 GeV 2 , which is for massless particles the average thermal value. We determine Λ from the usual gluon Debye mass for Boltzmann statistics as in Ref. [45] . For n f = 3 at the given temperature and coupling, the Debye mass is m Figure 4 compares the rapidity spectrum of the emitted gluon for the scattering of a heavy quark with a light quark, qQ → qQg. For a heavy quark mass of M = 0 GeV, the process is in fact a scattering of two light quarks and, thus, symmetric. Furthermore, the gluon emission spectra for massive heavy quark scatterings are depicted for the charm and bottom masses. At forward rapidities-or small emission angles-the gluon emission spectrum is suppressed, which is a consequence of the dead cone effect (cf. Sec. II B). Independent of the heavy quark mass, the agreement between the improved GB and exact matrix element is remarkably good.
To reduce the screening effect as much as possible we set ǫ = 0.001 in Fig. 4 . In Fig. 5 we explore the dependence of the ratio of the total cross sections of the improved and exact matrix element on the cut-off parameter ǫ. The deviation from one for all ǫ is rather small Figure 5 . Ratio of the total cross section σ of the improved GB matrix element to the exact result for qQ → qQg as a function of the screening cut-off ǫ from Eq. (16) for different heavy quark masses M .
for both light and heavy quarks. Note that the threshold, above which the whole phase space is cut away, is smaller for heavy quarks. Thus, these curves go back to zero for smaller ǫ compared to the light quark case where the gray box depicts the region with zero cross section. We conclude that the improved GB approximation is a good approximation for studying radiative gluon bremsstrahlung processes for both light and heavy partons.
D. Landau-Pomeranchuk-Migdal effect
The Landau-Pomeranchuk-Migdal (LPM) effect [61, 62] describes the suppression of medium-induced bremsstrahlung processes due to coherence effects of multiple scatterings.
For a jet traversing a medium radiation processes are induced by the medium. If the wavelengths, or equivalently the formation times, of the radiated particles (gluons in QCD or photons in QED) are large compared to the time between subsequent interactions with the medium constituents, interference effects lead to a suppression of the radiation. In the QED case the time between two scattering processes is given by the mean free path of the jet. However, in QCD also the emitted gluon carries color charge and interacts, leading to a modification of its formation time and a more complicated suppression procedure [63] [64] [65] .
The implementation of such a coherence effect is rather involved in a semi-classical transport model like BAMPS. To this end we implement an effective description of the LPM effect by allowing only processes that fulfill the relation [47, 49, 66] 
where λ is the mean free path of the considered particle and τ the formation time of the emitted gluon. X LPM is a parameter of this effective prescription. While X LPM = 0 corresponds to the case of no LPM suppression and therefore is infrared divergent, X LPM = 1 allows only processes where the emitted gluon is already formed before the next scattering takes place, thus, forbids all possible interfering processes. We expect that a more sophisticated implementation of the LPM effect corresponds effectively to an X LPM that is between these two extreme cases, 0 < X LPM < 1. Recently, more sophisticated implementations of the LPM effect in Monte Carlo simulations have been introduced [67] [68] [69] [70] and it would be interesting to study the impact of those on the BAMPS simulations. We leave this as an involved future project. The constraint from Eq. (17) can be ensured by multiplying the matrix element (9) with the step function
before integrating to calculate the cross section. This makes the cross section-and thus also the ratedependent on the mean free path, which in turn influences the mean free path. Hence, the actual mean free path of the jet must be determined in an iterative procedure,
where v is the velocity of the considered particle in the rest frame of the medium and R n the rate for process n.
The rates for 2 ↔ 3 are influenced by the LPM effect and, therefore, depend on the mean free path itself. However, for heavy quarks we will neglect 3 → 2 processes since their rates are much smaller than the other processes.
The formation time of a radiated gluon of a heavy quark with mass M is given in the center of mass frame by [46] 
It is important to consider the formation time and the mean free path in the same frame of reference. The boosting from frame to frame is done analogously as outlined in Ref. [66] . There, the formation time of gluon emission off massless partons is calculated in the frame in which the emitted gluon is purely transverse. According to the uncertainty principle the formation time reads τ trans = 1/k ⊥ . This result can be generalized to heavy quarks by boosting Eq. (20) to this frame,
As a note, the whole treatment of the LPM cut-off for heavy quarks is in line with the implementation for light partons [47, 49, 66] and reduces to the latter if the heavy quark mass M is set to zero.
E. Phase space constraints due to kinematics and the Landau-Pomeranchuk-Migdal effect
The allowed phase space of the emitted gluon is constrained by the LPM cut-off and by kinematics. The constraint from kinematics due to energy and momentum conservation demands
where we defined m = M/ √ s as the heavy quark mass M scaled by the center-of-mass energy √ s.
The implementation of the LPM cut-off allows only interactions if λ > X LPM τ = X LPM γτ trans , where γ denotes the boost from the lab frame to the frame in which the emitted gluon in purely transverse. By employing Eq. (26) and taking into account the boost between the different reference frames, in which λ and τ trans are calculated, this constraint can be rewritten in terms of y and k ⊥ , [46] 
with A = β cms cos θ and B = λ 1 − β 2 cms , where β cms denotes the boost from the lab to the center-of-mass frame and θ the angle between the the boost from lab to center-of-mass frame and the boost from center-of-mass frame to the frame in which the emitted gluon is purely transverse [46] . This relation only holds if the heavy quark is the incoming particle number 1 that flies in the positive z direction. If the heavy quark is particle 2, all the findings of this section must be substituted with y → −y due to the symmetry of the process.
This implies that the available phase space of the emitted gluon in the y-k ⊥ -plane in the center-of-mass frame is enveloped between the two curves
which stem from Eqs. (22) and (23), respectively. In Fig. 6 the available phase space in the y-k ⊥ -plane is illustrated. The drawn curves show the envelope functions f kin (y) and f lpm (y). The dashed line represents for comparison the LPM constraint for a massless quark. In this case the LPM effect serves as a lower cut-off in k ⊥ . In contrast, the emission from a massive quark with very small k ⊥ is allowed at very forward rapidity because of the mass dependence of the formation time, although the cross section in this region is very small due to the (1 −x) factor and the x 2 M 2 term in the denominator of the matrix element from Eq. (10) (dead cone effect). This interplay between the LPM and dead cone effect . Phase space sampling in the y-k ⊥ -plane of the emitted gluon in the center-of-mass frame for a heavy quark with E = 3 GeV and mass M = 1.3 GeV. The heavy quark comes from the left and has a momentum of p1 = (E, 0, 0, √ E 2 − M 2 ). The medium particle is taken as p2 = (3T, 0, 0, −3T ) with T = 0.4 GeV. The upper envelope curve is the constraint due to kinematics, f kin (y), while the lower line is the LPM constraint, f lpm (y). Allowed phase space is the area between these two curves. For comparison, the dashed line shows the LPM constraint for a massless quark. Each of the 100 000 dots represents one sampled phase space point from BAMPS. The mean free path is taken to be λ = 1 fm and XLPM = 1.
prevents a divergence of the cross section for small k ⊥ in the case of heavy quark scatterings.
Each dot depicts a sampled phase space point from BAMPS for the given parameters. It can be nicely seen that all sampled phase space points obey the phase space constraints from Eqs. (22) and (23) . The density of the points is a measure for the value of the matrix element in this phase space region. The density increases with smaller k ⊥ and is largest around mid-rapidity. At positive rapidities the density is lower than at negative rapidities, which is due to the dead cone effect (see Sec. II B).
III. ELASTIC VS. RADIATIVE ENERGY LOSS IN A STATIC MEDIUM
Before turning to full heavy-ion collisions we study in this section the energy loss of light and heavy quarks in a static thermal medium with a temperature of T = 400 MeV. In the following we set the LPM parameter to X LPM = 1, but explore at the end of this section the energy loss dependence on this parameter. Figure 7 depicts the elastic and radiative energy loss of light, charm, and bottom quarks for a constant coupling (α s = 0.3) and standard Debye screening (κ t = 1). The radiative energy loss is larger than the elastic energy loss for all quark masses. While both have similar sizes at small energy, they differ by about a factor of two at larger energies for all flavors. The mass hierarchy is visible for both the elastic and radiative energy lossheavy quarks lose less energy. However, between light and charm quarks the difference for the radiative energy loss is only marginal. As we have mentioned in Sec. II D, the LPM cut-off suppresses the gluon emission at small angles and partly overshadows the dead cone of heavy quarks. The charm quark dead cone is rather small at larger energies. Consequently, the energy loss is mostly influenced by the LPM suppression, which renders the charm and light quark curves to be rather similar. This reasoning can be nicely verified by looking at the angular distribution of the gluon emitted off a light and charm quark jet. In the upper panel of Fig. 8 the differential cross section is depicted as a function of the gluon emission angle with respect to the jet for light, charm, and bottom quarks. The distributions of light and charm quarks are very similar. Small angles are suppressed due to the LPM cut-off, but no additional dead cone suppression for charm jets can be seen.
For illustration, in the lower panel of Fig. 8 the mean free path that enters in the LPM cut-off is not determined iteratively (which is the default implementation in BAMPS, see Sec. refsec:lpm and Ref. [66] ), but set by hand to a large value of λ = 10 fm. Hence, the LPM suppression is reduced and smaller angles are allowed. Consequently, the suppression due to the dead cone effect becomes visible again, which results in a stronger suppression of charm quarks at small angles compared to light quarks.
In contrast to charm quarks, the dead cone for bottom quarks is more pronounced and is even visible for an iteratively calculated mean free path. Hence, also the energy loss in Fig. 7 is considerably smaller than for lighter quark flavors. The similar energy loss of light and charm quarks could be an explanation why the measured nuclear modification factors of charged hadrons and D mesons in heavy-ion collision have the same values. We discuss this in more detail in Sec. IV. Similar features can be seen for a running coupling (not shown). Only the energy dependence of elastic and radiative energy loss changes slightly since the running coupling decreases with increasing momentum transfer.
The previous calculations have been done for the LPM parameter X LPM = 1. Figure 9 depicts the X LPM dependence of the energy loss for light, charm, and bottom quarks with an energy of E = 10 GeV. The total cross section depends logarithmically on X LPM . Since the energy loss per collision is only mildly influenced by X LPM , the energy loss per unit length is also logarithmically dependent on X LPM , dE/dx ∼ ln 1/X LPM . As discussed above, the energy loss of light quarks and charm quarks is comparable for X LPM = 1 (cf. Fig. 7 ) because an LPM dead cone overshadows the mass dead cone of the charm quark. For X LPM < 1 the impact of the LPM cut-off is reduced and the energy loss of charm quarks becomes smaller than that of light quarks, which is in accordance with the expectations from the dead cone effect.
IV. ELLIPTIC FLOW AND NUCLEAR MODIFICATION FACTOR FROM ELASTIC AND RADIATIVE PROCESSES
In Ref. [18, 19] we saw with BAMPS that binary collisions alone cannot explain the experimental heavy flavor data, neither at RHIC nor at LHC. However, if the binary cross sections are scaled with a phenomenological K factor, both the elliptic flow v 2 and nuclear modification factor R AA of heavy flavor particles can be described at RHIC and LHC. We concluded that missing contributions such as radiative processes or quantum effects play an important role.
In this section we explicitly add the radiative contributions and study if binary and radiative processes together can explain the experimental data. In Sec. IV A the focus is put on the similarities and differences of light and heavy flavor particles. Furthermore, the influence of the dead cone effect is investigated. To treat light and heavy flavor partons on the same footing, we use for all species the standard Debye screening. In Sec. IV B we explicitly study the effect of the improved screening procedure and confront various heavy flavor calculations with experimental data.
Heavy quarks and high-energy light partons studied in this section are set on top of fully simulated BAMPS background events to enhance the statistics of these rare probes. This treatment is in line with full BAMPS simulations, but neglects medium response effects. In this section we use solely background events calculated with the original Gunion-Bertsch cross section [71] . They correctly reproduce bulk medium properties such as the measured elliptic flow of charged hadrons [72, 73] . We checked that background events calculated with the improved Gunion-Bertsch cross section, do not change the R AA results presented in this section due to a similar number of scattering centers. However, the light parton elliptic flow with the improved Gunion-Bertsch cross section is slightly reduced, which in turn would also slightly decrease the elliptic flow of heavy quarks. In summary, the results in this section are calculated with a bulk medium that correctly features the experimentally measured properties and, thus, is appropriate to study the suppression and flow of hard probes. Furthermore, it is the same medium evolution in which previous heavy flavor BAMPS calculations [18, 19] have been performed.
A. Comparison between heavy and light flavor
Since the improved screening procedure with setting the screening mass prefactor to κ t = 0.2 has only been derived for massive quarks and we want to treat heavy and light flavor on the same footing in order to make proper comparisons, we employ in this section the standard Debye screening for both light and heavy partons. Nevertheless, in the next section we investigate the influence of the improved screening procedure on heavy quark observables. It would be also interesting to extend the derivation of the improved screening procedure from comparisons to HTL calculations to the light parton sector and determine the value of κ t for light particles.
It is important to note that the same cross sections are employed for light and heavy partons. That is, if the mass in the heavy flavor cross sections for elastic or radiative processes is set to zero the cross sections of light quarks [49] are obtained. Also the LPM cut-off and the treatment of all the kinematics are implemented in BAMPS consistently for massive and massless particles. Since 3 → 2 processes have only minor relevance for the energy loss of high-energy particles, we neglect those processes in the following study.
The fragmentation of heavy quarks to D and B mesons is performed with Peterson fragmentation [74] as for previous studies. Light partons are fragmented to charged hadrons by using the AKK fragmentation functions [75] , which are obtained from global fits to data.
As discussed in Sec. II D, the way how the LPM effect is implemented in BAMPS forbids too many of the radiative processes, leading to a destructive interference that is too strong. A more sophisticated treatment of the LPM effect should allow more processes. We introduced a first step in this direction in Sec. II D by lowering the formation time of the emitted gluon by a factor X LPM , which effectively allows more radiative processes for 0 < X LPM < 1.
In Ref. [49] we found that the best agreement with the neutral pion nuclear modification factor data at RHIC [76, 77] . Note that the impact parameter b = 3.6 fm represents approximately a centrality class of 0-10 %, while the data is only available for slightly different centrality classes.
is given for X LPM = 0.3. Simultaneously, the R AA of charged hadrons at LHC is nicely reproduced, not only the magnitude of suppression but also the shape and especially the rise with p T (see also Fig. 10 ). For the same value also a significant light parton elliptic flow is observed due to a small shear viscosity over entropy density ratio of about 0.2 − 0.3 at late stages. However, it is important to mention that the exact value of X LPM is not theoretically motivated and, thus, a free parameter. Nevertheless, we expect that a more sophisticated LPM implementation boils effectively down to an X LPM < 1. It is planned for the future to improve the implementation of the LPM effect in BAMPS and study the impact on observables such as the R AA .
If we set the same value X LPM = 0.3 also for heavy quarks, the experimental data of the D meson nuclear modification factor is also nicely reproduced, as can be seen in Fig. 10 . Since we employ the standard Debye screening in this section to heavy quark interactions as well, both heavy and light partons are treated consistently. Although the dead cone effect is present in our matrix element, the R AA of D mesons and charged hadrons are comparable, as it is also the case for the data. There are two reasons for that: first, as described in detail in Sec. III, the LPM cut-off produces a second dead cone that overlays the dead cone due to the heavy quark mass and effectively annihilates its influence. This leads to a similar suppression of light and heavy quarks. However, gluons are still stronger suppressed. The second reason lies in the fragmentation process. The D meson R AA is not really modified by the fragmentation, whereas the fragmentation of light quarks and gluons shifts the light hadron R AA closer to the light quark curve (see Ref. [49] for details) and, thus, also to the D meson curve. Consequently, due to the interplay between these two effects, both the D meson and charged hadron R AA take very similar values.
Recently, the same observation was made by Djordjevic [12] within an extension of the WHDG framework. Also in this model, the suppression of light and charm quarks is comparable, whereas gluons are more suppressed. However, analogously to what we have observed, mass effects in the fragmentation function result in a similar suppression of charged hadrons and D mesons.
In Fig. 10 we depict besides the charged hadron and D meson R AA for X LPM = 0.3 also the R AA of nonprompt J/ψ for the same parameter. Non-prompt J/ψ, which stem from B mesons, are less suppressed than D mesons or charged hadrons. Because of the large mass of bottom quarks, the dead cone due to the mass is larger than the dead cone due to the LPM cut-off. This leads to a smaller suppression of bottom quarks compared to charm quarks. The experimental data of non-prompt J/ψ is slightly smaller than our curve but still larger than the D meson data (however, note the slightly different centrality classes).
B. Open heavy flavor at RHIC and LHC with improved screening
In the previous section we employed the standard Debye screening to ensure a similar treatment of light and heavy partons. In contrast, we study in this section the effect of the improved screening procedure (κ t = 0.2) on heavy flavor observables. Figure 11 depicts the R AA and v 2 of heavy flavor electrons in non-central RHIC collisions for various parameter sets. The suppression with standard Debye screening (κ t = 1) and X LPM = 1 is smaller than the data, since too many radiative processes are forbidden due to the LPM cut-off. Lowering the LPM parameter to X LPM = 0.3 as in the previous section gives a good agreement with the R AA data of heavy flavor electrons at large p T , while the neutral pions at RHIC are also well described for the same parameter [49] .
However, for both values of X LPM the elliptic flow of heavy flavor electrons is significantly smaller than the data. Qualitatively, this effect is also present for light quarks. Although the gluons build up a sizeable elliptic flow at RHIC, the light quarks have a significantly smaller flow [49] due to the smaller color factor (4/9 smaller compared to gluons) in the cross section. The elliptic flow of heavy quarks cannot be larger than that of light quarks for the same parameters. Hence, the v 2 of electrons that is comparable to that of charged hadrons cannot be described.
Setting κ t = 0.2 leads to a large binary cross section and a small mean free path of the heavy quark. Due to the implementation of the LPM effect (see Sec. II D), most of the radiative processes are forbidden. Thus, the total rate or energy loss for running coupling and improved screening is completely dominated by the binary processes. Since effectively no radiative processes are allowed, also the R AA is above the data for large p T . In Ref. [49] we found that the best description of the R AA data of light particles is given with X LPM = 0.3, for which also the R AA of D mesons with a standard Debye screening is well described (see previous section). If we employ the improved screening procedure, the best agreement with the R AA data at large p T is found for X LPM = 0.2, which is depicted in Fig. 11 . It is worth noting that the value of X LPM that gives a good agreement with the improved screening lies in the same range as that for the standard Debye screening. However, we want to emphasize again that the exact value of X LPM is a free parameter, although a value smaller than one is expected from theoretical considerations. We expect that a more sophisticated treatment of the LPM effect makes such X LPM factors obsolete.
For comparison, we also show the curve from Ref. [19] , which was obtained by allowing only binary collisions and scaling the cross sections with K = 3.5. It gives a slightly stronger suppression than the curve with X LPM = 0.2 at large p T and a slightly weaker suppression at small p T . This reflects the observation made for the energy loss in a static medium (see also Fig. 12 ): including radiative processes is not the same as scaling the binary cross sections with a constant K factor since both energy loss distributions have distinguished energy dependencies.
For the elliptic flow, the picture looks very different (see lower panel of Fig. 11) . None of the curves that include radiative interactions can describe the elliptic flow data. In contrast, the scenario with the scaled binary interactions gives a sizeable v 2 , although its R AA is comparable to the curve with X LPM = 0.2. This similarity in the R AA and the large deviation for the v 2 , simultaneously, are at first sight surprising. However, the mechanisms responsible for the two observables are very different. For the R AA , the energy loss is the important quantity, while v 2 is most effectively build up by a large transport cross section.
In Fig. 12 we depict the energy loss and transport cross section, which we define as σ sin 2 θ , of charm quarks in a static medium for the two scenarios: only binary interactions scaled with K = 3.5 and binary as well as radiative processes with X LPM = 0.2. Although the energy loss of both scenarios is on the same order, 1 the transport cross section deviates strongly. This leads to a very similar R AA , but a large v 2 for the case with only (scaled) binary interactions. However, a more detailed study (not shown here) reveals that the angular distribution is rather similar for elastic and radiative processes. Only the cross sections of both scenarios differ substantially. Due to the large K = 3.5 factor, the scenario with only scaled elastic collisions has a much larger cross section than the scenario with elastic and radiative processes. Since the energy loss per collision for radiative processes is significantly larger than for elastic interactions, the overall energy loss per unit length is similar. Nevertheless, the large cross section for the scenario with only scaled binary collisions produces a large v 2 that is in agreement with the data.
Figures 13 and 14 depict the nuclear modification factor of D mesons and non-prompt J/ψ, respectively, in Pb+Pb events at LHC. Again, the curves with elastic and radiative processes and X LPM = 1 are significantly larger than the data, but the curves with X LPM = 0.2 agree very well with the experimental results for both D mesons and non-prompt J/ψ. This indicates that the mass hierarchy of heavy quarks is accurately described within BAMPS if the improved screening procedure is employed. To this end, it is not surprising that the heavy flavor electrons from D and B meson decays at LHC agree also with the data for X LPM = 0.2, as shown in Fig. 15 . Figures 16 and 17 display the elliptic flow of heavy flavor electrons and D mesons, respectively, in non-central events at LHC. Analogously to RHIC, the elliptic flow at LHC cannot be explained by elastic and radiative processes with X LPM = 0.2, although the R AA is described with this parameter. In contrast, the curve with only binary collisions scaled with K = 3.5 describes both the electron and D meson R AA . The explanation for the discrepancy between the two curves is the same as mentioned in the discussion of the RHIC results: the transport cross sections of the scaled binary collisions are larger than for the scenario with binary and radiative processes and X LPM = 0.2, although the energy loss is very similar. Hence, both have a rather similar R AA (see Figs. 13, 14, and 15 ) but a different v 2 .
A possible reason why we obtain a small elliptic flow with elastic and radiative processes might be that additional effects are missing. We neglect initial stage fluctu- ations, apply only Peterson fragmentation instead of coalescence at small transverse momenta, and do not take hadronic interactions into account. Furthermore, we neglect 3 → 2 processes, which can have a sizeable contribution in the low p T region. All of these effects are expected to increase the elliptic flow, while the nuclear modification factor at large p T is not strongly affected.
Most of the open heavy flavor models in the literature that include radiative interactions cannot describe the nuclear modification factor and elliptic flow simultaneously. Both in the ASW [8] and GLV (or the extended WHDG) [9, 10, 22, 23] framework the R AA is well described (also for light partons), but the calculated v 2 is significantly smaller than the data. The same is true for the results of Refs. [27, 28] , where radiative processes have been implemented in a Langevin approach coupled to a 2 + 1D viscous hydrodynamic model.
In contrast, the Nantes group explains the R AA and v 2 data simultaneously fairly well if elastic and radiative interactions are rescaled with K = 0.7 [15, 16] . This result is at first sight surprising, given that in BAMPS quite similar physics is implemented and-as we saw in this section-BAMPS cannot describe R AA and v 2 simultaneously with radiative collisions. However, although the Gunion-Bertsch matrix element is also employed in Refs. [15, 16] , two phenomena are treated differently compared to BAMPS. First, the emitted gluon acquires a finite mass from screening effects, whereas it is massless in BAMPS. Second, in contrast to BAMPS (see Sec. II D for our implementation), the LPM effect is implemented through an interpolation between single and multiple scatterings [83] that is matched to the BDMPS result [65] . Both effects lead to very different properties of radiative processes in BAMPS and the Nantes model [84] , although the underlying matrix element is the same. Furthermore, differences in the background medium evolution might also lead to additional differences in the heavy quark observables.
The authors of Refs. [36] and [38, 39] find that within the resonance scattering approach the R AA and v 2 can be reasonably well described simultaneously if coalescence is taken into account. The driving force behind this is the s channel process, which leads to large angle scatterings and, thus, large transport cross sections.
V. CONCLUSIONS
In this paper we studied the interactions of heavy quarks in the partonic medium created in ultrarelativistic heavy-ion collisions at RHIC and LHC with the partonic transport description BAMPS. In addition to elastic interactions that have been previously implemented in BAMPS, we introduced in this paper also radiative heavy flavor process. To this end, we extended the recent calculation of the improved Gunion-Bertsch matrix element to finite masses and showed explicitly that the dead cone suppressions also occurs in our calculation. However, we found in the energy loss calculation of charm and light quarks in a static medium that the implementation of the LPM effect produces a second dead cone for both light and heavy particles that overshadows the original dead cone due to the heavy quark mass. Consequently, small angle radiation off both charm and light quarks is suppressed and both have a very similar radiative energy loss.
A similar suppression of light and charm quarks is also found in full BAMPS simulations of heavy-ion collisions at LHC. In connection with the stronger suppression of gluons due to a larger color factor and mass effects in the fragmentation process of high energy partons, we found that the nuclear modification factor of D mesons and charged hadrons takes very similar values. Furthermore, we found a good agreement with the experimental data of both species for standard Debye screening and the same LPM parameter.
Considering the improved Debye screening extracted from hard-thermal-loop calculations for heavy flavor processes, we find a good agreement with the experimental data for the nuclear modification factor of heavy flavor electrons at RHIC and D mesons, non-prompt J/ψ, and heavy flavor electrons at LHC when taking both elastic and radiative processes into account. However, the elliptic flow of D mesons and heavy flavor electrons cannot be simultaneously described. This is in contrast to previous BAMPS calculations with only elastic interactions. After multiplying the cross sections by a phenomenological factor of K = 3.5 both observables could be simultaneously described fairly well. The reason for this lies in a smaller transport cross section of elastic and radiative processes compared to only elastic scatterings scaled with K = 3.5, although the energy loss of both scenarios is rather similar.
From the observations in this paper one can conclude that radiative processes do not enhance the cross section substantially at low transverse momenta and can therefore not fully account for the build-up of the elliptic flow. It seems that the kinematics of binary interactionseither small-angle-peaked pQCD elastic processes with a K factor or s channel dominated resonance scatteringsare needed to get an agreement with the experimental elliptic flow data. Or in other words, heavy quarks must have a large cross section-or at least a large transport cross section as in the case of resonance scatterings-for interactions with the other medium constituents to pick up the elliptic flow of the medium.
However, as we also showed in this work, the inclusion of radiative processes influences the results on the nuclear modification factor and elliptic flow differently-the R AA is strongly decreased but the v 2 only slightly increased. Hence, it is not clear whether models that include only binary scatterings (via pQCD or resonance scattering) can still describe the nuclear modification factor and elliptic flow of heavy flavor particles simultaneously if radiative processes are taken into account.
Possible effects like initial fluctuations or coalescence have been neglected in this study. Both of them are expected to lead to an increase of the elliptic flow. Furthermore, 3 → 2 processes for heavy quarks are not taken into account in this study, which can also enhance the elliptic flow. However, in a previous study [49] we found that with 2 → 2 and 2 ↔ 3 interactions the partonic elliptic flow is dominated by the elliptic flow of gluons. Light quarks have a significantly smaller flow due to a smaller color factor. If heavy quarks interact via the same mechanisms as light quarks with other medium constituents, heavy quark elliptic flow should not be larger than that of light quarks. Consequently, it is not clear how heavy particles dominated by heavy quarks and light particles dominated by gluons could have a similar flow as indicated by data when pQCD properties imply a larger color factor (and therefore larger scattering rate) for the latter. However, the picture is significantly complicated by hadronization and especially the role of gluons in it. Therefore, more detailed studies, in particular, on the hadronization mechanism are needed to draw more definite conclusions.
In this section we outline the calculation of the matrix element of the process q + Q → q + Q + g within the Gunion-Bertsch (GB) approximation. The matrix element for light quarks within this approximation was first calculated in Ref. [71] and recently revisited in Ref. [45] . In the following we extend the latter calculation to a finite mass for one of the two quarks.
The Feynman diagrams for the process qQ → qQg are given in Fig. 18 . We label the four-momentum of the incoming heavy quark with p 1 and the incoming light quark with p 2 . The outgoing heavy and light quarks are p 3 and p 4 , respectively. The radiated gluon is denoted with k and the momentum transfer of the process or, equivalently, the momentum of the internal gluon propagator is q.
In the following we use light cone coordinates because these are better suited to this particular problem. In the center-of-mass frame, the momenta of the incoming particles in light cone coordinates are given by
The Lorentz-invariant quantity
characterizes the fraction of light cone momentum carried away by the radiated gluon. It can be related to the rapidity y of the emitted gluon via Figure 18 . Feynman diagrams for q + Q → q + Q + g.
The Gunion and Bertsch matrix element is derived in the high-energy limit. This means that the radiated gluon and the momentum transfer of the process are soft,
The third approximation relates k ⊥ , q ⊥ , and x,
These approximations are explicitly stated by GB in their paper. However, as discussed in Ref. [45] we need in our calculation three additional approximations, that is,
⊥ and all components of q and k being soft, q µ , k µ ≪ √ s, to end up with the same result as GB. With the approximations (28) as well as (29) and from the constraint that all external particles are on-shell one can explicitly specify k and q in light cone coordinates
The original computation of the GB matrix element has been carried out in light cone gauge, A + = 0. This implies that the + component of the polarization vector ǫ(k) is also zero. The physical polarizations of the emitted gluon must be transverse to its momentum, ǫ(k) · k = 0. With these two constraints the two physical polarization vectors, i = 1, 2, are given by
where ǫ
(1) ⊥ = (1, 0) and ǫ
⊥ = (0, 1) are possible choices. For brevity we will suppress the polarization index (i) in the following, keeping in mind that the final polarization sum will simply amount to the replacement ǫ |p · ǫ ⊥ | 2 = p 2 . In the following we give the results of the individual diagrams. 
where we defined
but again suppressed the spin indices in Eq. (32) . With (p 3 + k) 2 = M 2 + 2p 3 · k and employing the eikonal approximation,
for the sources the matrix element reads 
In the last step we inserted the matrix element for the elastic scattering without color factor
To end up at the GB result when calculating the term (2p 1 + q) ν (2p 2 − q) ν the restriction x(1 − x)s ≫ k 2 ⊥ is required in addition to the standard GB approximations (28) and (29) . 
Again the constraint x(1 − x)s ≫ k 2 ⊥ needs to be used.
Diagram 3
For diagrams 3 and 4 the kinematics are slightly different than for the other diagrams since the gluon is emitted from the lower line. Therefore, the components of the momentum transfer q need to be redetermined from the on-shell conditions (p 
In the light cone gauge A + and the high-energy limit, the contribution from this diagram is much smaller than that of diagrams 1 and 2 due to the s term in the denominator. Therefore, we can neglect it in the following. 
since ǫ ⋆ µ (k)(2p 2 − k) µ = 0.
Diagram 5
The last diagram is the most interesting one due to its three-gluon vertex. With help of the Feynman rules the matrix element can be written as
Also for diagram 5 it was necessary to employ the constraint x(1 − x)s ≫ k 2 ⊥ in addition to the standard GB approximations.
Total matrix element
The total matrix element is the sum of all the five diagrams where we can neglect diagram 3 and diagram 4 does not contribute. Using ([λ a , λ b ]) ki = if abc λ c ki for the sum of diagrams 1 and 2 yields for the total matrix element
